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Abstract 

The ratio Zi/Z^, of vertex and wave- function renormalization factors, which is uni- 
versal (i.e., matter-independent), is shown to equal 1 + n which gives the residue of the 
scalar pole oc PixPu/p^ of 2-point function ( D^c Dyc). This relation is interesting since 
1 + li = has been known to give a sufficient condition for color confinement. We also 
give an argument that, when 1 + u = holds, it will be realized by the disappearance 
of the massless gauge boson pole and is related with the restoration of a certain "local 
gauge symmetry" as was discussed by Hata. 
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1 Introduction 



well-known consequence of the Slavnov- Taylor identity that the ratio of vertex renor- 
malization factor to wave-function renormalization factor is universal: 



It is a 



Z3 



■'ipipA 



[l.l) 



where the denominators Z3, and Z^ are the wave-function renormalization factors of 
gauge-boson, Faddeev- Popov ghost and matter field ip, respectively, and the numerators Zi, 
Zi and Z^^j^ are the gauge-boson vertex renormalization factors of those fields. Namely, the 
ratio is independent of the measured matter fields (and equals 1 in the QED result 
of the Ward identity). [We may, however, have to keep in mind that it is gauge-dependent] 
The main purpose of this talk is to show that the following equality holds for this universal 
renormalization factor Z^jZ-^ generally in covariant gauges (with arbitrary gauge parameter 
a): 

^3 

where u = u(j9^ = 0) and uij?') is the function defined by 



:i.2) 



/ 



D.c\0) |0) 



p2 



p2 



s. 
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This relation ( |1.2| ) is very interesting since it is known [y that 1 + u 
condition for all the colored states to become unphysical; namely. 



gives a sufficient 



u 







Color Confinement 



:i.4) 



As a preparation for it, we briefiy explain in Sect. 2 why the condition 1+^ = 
implies the color confinement. And then in Sect. 3 we give a proof of the relation ( |1.2D . 
Some implications are discussed in Sect. 4, where I give an argument that the confinement 
condition 1 = implies the disappearance of the massless (vector) gauge boson pole. It, 
therefore, turns to imply that a certain "local gauge symmetry" is dynamically restored as 
was discussed by Ilata0. This is explained in Sect. 5. The final Sect. 6 is devoted to some 
further discussions. 



2 1 + u = 0: A Color Confinement Condition 

Let us first recapitulate how the condition 1 + u = is related to the color confinement . 
As noted by Ojimap| first, the equation of motion for the gauge field can be written in the 
following form of Maxwell-type: 

gj; = d^P;, + {Qb, D.c'^} , (2.1) 
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where is the Noether current of color symmetry (global gauge symmetry). The point is 
that the Noether current always has an arbitrariness adding a term of the form d'^ f^^u] with 
an arbitrary local anti-symmetric tensor fi^u]- That is, the modified current = + 
f[iJLv] is still conserved and, moreover, the corresponding charge generates the infinitesimal 
color rotation correctly on any field operators (at least with formal application of canonical 
commutation relations). We have, therefore, a possibility to define the color charge by 



= /<i'xi{QB, -D,c°},.„ (2.2) 



If we could define the color charge by this equation, then it takes a BRS-exact form and so 
the color confinement is concluded: indeed, for any physical states |phy) specified by the 
condition Q-q |phys) = 0, we have 

(physl g'^ Iphys') = . (2.3) 

It is an easy exercise to show from this equation that all the physical (that is, BRS-singlet) 
particles are color- singlet^. 

The expression Eq. ( p^.2D , however, does not give a well-defined color charge operator 
generally. This is because there is a massless one-particle contribution to J°, F^^^ and 
{Qb, D^(f} so that the 3-volume integration does not converge. To show this, we have first 
to explain the elementary quartet (a quartet = a pair of BRS-doublets). 

We can easily show that there always exists a massless quartet for each group index a. 
Indeed, using the equation of motion d^D^c'^ = and equal time anti-commutation relation, 
we find an identity 

(0| TD^c"(x) c\y) |0) = d^'d^x - y) , (2.4) 

implying that 

/ d^x e*P^ (01 TD.c"(x) c^(0) 10) = iS""^^ . (2.5) 
J p^ 

But, an identity (0| {Qb, T(A;i c^)} |0) = means the Ward-Takahashi identity 

z (0| TD.c'^ix) c\y) |0) = (0| TA^(x) B'{y) |0) , (2.6) 
so that Eq. ( [^.5D implies also an identity: 

J d^xe'P'' (0| TA^^ix) B^O) |0) = -5"''^ . (2.7) 

The identities ( p.5|) and (|2.7|) give exact Green functions and so the presence of massless pole 
oc implies that the following four massless asymptotic fields 7*^, 7^^, and exist for 
each group index a: 

D^c\x) d^^\x) + --- 

e{x) — > 7"(x) + --- 

B^{x) — > /3"(x) + -- - . (2.8) 



2 



From BRS transformation law [iQb, = D^c"' and {Qb, c""} = -B", we find that tliese 
asymptotic fields transform as follows under the BRS transformation: 

[iQB, = , {Qb, rix)} = P'^ix) . (2.9) 

This clearly shows that these asymptotic fields 7", 7'', x°' ^i-nd really forms a BRS quartet 
representation. 

Now we come back to the well-definedness problem of the expression Eq. ( p.2|) . The 
point is that D^c"" = 9^c" + g{Afj, x c)" generally contains the one-particle contribution of 
the massless asymptotic field 7": 

D^c'' = d^c'' + g{A^xcr — > {l + u)d^r, (2.10) 

where the weight 1 comes from the first term d^c"" and the weight u from the second g{A^ x c)". 
This can be seen by looking at the definition ( |1.3D of u and Eq. (^.5[). We thus see that 
the operator {Qb, D^c"'} contains the massless one-particle contribution of the elementary 
quartet member in the form 

{ Qb, D^e{x) } (1 + u)d,l3\x) . (2.11) 

X'o — ^±00 

Generally, the other operators and d" F^^ appearing in the Maxwell equation ( pTT| ) also 
have the one-particle contributions from since they carry the same quantum numbers as 
{Qb, D^c'^y. 

j;{x) ^ vd^[3'^{x) , 5^F;,(x) ^ -wd^[3%x) , (2.12) 

with suitable weights v and w. In QED, one can easily see that m = and w = Z^. The 
Maxwell equation (p.l|) tells us the relation between those weights: 

gv = -w + {l + u) . (2.13) 
The well-defined color charge is, therefore, given by 

Q^ = Jd'x{r^ + ^d^F;^)^^^, (2.14) 

so that the massless one-particle contribution 9^/5" contained in is cancelled by that in 

Now, if the condition 1 + u = holds, then we have v/w = —1/g and so the well-defined 
color charge Eq. ( p.l4|) happens to coincide with the previous BRS-exact expression 
implying the color confinement. 



3 Proof of the relation Zi/Z^ = 1 + u 

I have noticed this relation Zi/Z^ = 1 + u for the first time in studying the renormalization 
problem in the background field method in collaboration with Imamura and Van Proeyen^j. 
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Figure 1: Diagram of massless pole contribution. 



However, the proof by that method is a bit comphcated and so here I will give a simpler 
proof using a similar method to Aoki's[^] which he used when proving the electro-magnetic 
charge universality in the Weinberg-Salam model. 

Add g{v / w)d^ F^^ to both sides of the Maxwell equation and then we have 



^ja,well-def ^ ^ g-)d^ F^^^ + {Qb, D ,7^^} , (3.1) 



V 
W 

with 

ja,well-def = J« + -d" F^^ (3.2 



being the color current giving the well-defined color charge (|2.14| ). Using a relation 1+gv/w = 
{1 + u)/w following from Eq. (|2.13| ), we find 

^a^F;, = gr^'-^''-"'^' - {q^, d.c'^} . (3.3) 

Sandwitching this with two physical states (/| and \g) satisfying (/| Qb = Qb \g) = 0, yields 

1-1-7/ 

-^d^ (/I F^pAx) \9) = 9 (/I Jr"'(^) \9) ■ (3.4) 

We now make an operation limp^o / d^x e*^^ act on both sides of this equation and eval- 
uate the both sides separately. Start with the left-hand side. Because of the presence 
of the divergence 9^, only massless one-particle pole contribution to the matrix element 
(/I Fpui^) Ifi') can survive in this limit. But such a massless one-particle pole (if any) comes 
from the gauge boson contribution as shown in Fig. 1 and generally takes the form 



d'xe'^^ {f\Fl{x)\g) 



pa Ab \ ypfi 
pole part \ 1^" ''^P / ' 



Tpa Ab \ ^ Ppdup Pv9pp 



Vff = tg^T'f^(pj+p,n2nr6\p + pj-p,) , (3.5) 

where F^^ A\ p ^ stands for the propagator from F^^^ to the renormalized gauge boson A\ p^ 
and Vjl^ for the vertex of the renormalized gauge boson between the on-shell initial and final 
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states. F is a weight factor and gj- is the renormahzed couphng constant. Substituting this 
expression, we find that the left-hand side becomes 

_ yi±^ lim(-z^ + ^gJ {ig.)T^,{ps + p.Yi'^^Y^'ip + Pf- p.) . (3.6) 

Noting the pole term p^Pp/p^ vanishes owing to the "current conservation" at the vertex, we 
obtain 



l+u 



w p 

1 _|_ -7/ 

= Y-^g,T^, \im (pf + p,),{2nf5\pf - p,) . (3.7) 

XU Pf Pi 

The weight factor Y introduced in Eq. ( p.5|) can easily be related to the previous weight w: 
using d^F^i^ix) — > -wdpp''{x) and the WT identity with A^^ = Z^^^'^A^^, we obtain 

( > U P» = - ( s.B" > = "^(«°') ^ . (3.8) 

comparison of which with the divergence of the second equation in Eq. (|3.5|) leads to 



Y = wZ^^I'^ , so that = (1 + u)Z~^l'^ . (3.9) 



w 



The right hand side of Eq. (|3.4| ), on the other hand, can be easily evaluated for yU = 
component as follows: 

lim| d^xe^^^g (/| Jo^'^^''-^^^ (x) 1^?) = | dx^g{f\ g'^.-u-def 

= ^?T;, hm 2p\{2^ f6\p^ - p,) . (3.10) 



Now comparing this with the above Eq. ( p.7|) with Eq. (|3.9| ), we finally obtain a relation 

{l + u)Z^'^'g, = g . (3.11) 

But, if we use the relation g = ZiZ^^^'^g^ between the bare and renormalized coupling 
constants g and g^, this is nothing but the desired relation 1 + u = Zi/Z^, Eq. (|1.2| ). 

We have proved the relation 1 + m = ^1/^3 in covariant gauges with arbitrary values of 
gauge parameter a. In Landau gauge a = 0, however, it is easier to show it. First define 
the following two-point functions 

(cc) = 



p'^G{p'^) ' 

{giA^xc)c),p, = {g{ApXc)-c) / {c-c) = -ip^F{p'') . (3.12) 
Here and henceforth we use an abbreviated notation: 

{AB) = j d^x e'P" (0| T A{x) B{0) |0) . (3.13) 
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The suffix IPI generally denotes the one-particle irreducible vertex. Then, we have 

{D^c c) = {d,c c) + (^7(A,xc) c) = tp,{l + F(p2))_J^ . (3.14) 

But this must equal i-p^ jj? because of Eq. ( |2.7| ) so that 

1 + = . (3.15) 

On the other hand, a simple diagramatical consideration shows that 

(c^(A^xc))iPj = zp^ (^(ApXc) ^(A^xc))^pj (3.16) 

and hence that 

(L'^c c/(A^xc) ) = (D^c c) (c^(A^xc))iPj+ (^(A^xc) ^(A^xc))^pj 

= (5^-^)(^7(^pXc) (?(A.xc)),pj . (3.17) 

The last Green function ( -D^c g^AyXc) ) must be equal to — {PijlPv/p'^))u(j?) because 
of the definition (|1.3|) of the function u{p^) so that {g{A^xc) g{AijXc) )-^pj have to have the 
form 

{g{A^xc) g{A^xc) )^pj = g^^Mv^) +Pi,Pvv{p^) (3.18) 

with v{p^) being an arbitrary function. Up to here all the equations hold for any covariant 
a gauges. But, in Landau gauge a = 0, we have additionally an identity 

-ip^,F{p^) = (^(A^xc) c)^pj 

= {giA^xc) g{A,xc)),p,x{-zp'') . (3.19) 

This is because the derivative factor acting on the anti-ghost at the c-Ai,-c vertex at the 
right end of the diagrams can be transferred to act on the external ghost since d^A^ = in 
the Landau gauge. Therefore we have 

- tp^F{p^) = -tp^{u{p^)+p%{p^)) , =^ G{p^) - 1 = u{p^)+p\{p^) . (3.20) 
This relation yields at = 

G(0) = l + u(0), (3.21) 

but, since G(0) = Z^^ and Zi = 1 in the Landau gauge, this shows the relation Zi/Z^ = 1+u, 
thus proving the desired identity Eq. ([L^). 



4 What Does l + u = Zi/Zs Imply? 

How is 1+u = Z1/Z3 = expected to be realized? Naively, we immediately expect the 
following two possibilities: 

1. Zi = 0, and Z^ = finite. 
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2. Zx = finite, and = 0. 

However, since the condition is concerned with only the ratio, we have, for instance, even 
the possibihty 

3. Zs = 0, but/and Zi/Z-^ = 0. 

Here I mean that Zi has a higher zero than Z^, e.g., Z^lp"^) = 0{p'^) and ^i(p^) = 0{p^). 
The wave-function renormahzation factor Z^lp"^) as a function of can be defined as follows 
by the general form of gauge boson 2-point function: 



d'^xe'P'' {0\TAl{x) Al{x) |0) 



5"^ (4.1) 



Although I cannot prove it, it seems plausible that the possibility 3 is realized when 1+u = 0. 
Let us now explain this. 

Assume that Z^^p"^ = 0) 7^ 0, then, there exists a vector asymptotic field ^^(x) in the 
channel A'J^[x): 

A^ix) A^^ix). (4.2) 

This is a colored particle. But any colored particles are confined when 1 + m = 0. Therefore 
the BRS transform of ^^(a;) 

[^Qb, A'l^ix)] = D^c'^ix) , (4.3) 

with ghost number 1, should also have its own massless vector asymptotic field C'^{x) such 
that (^^(x), C^(x)) form a BRS-doublet (and hence become unphysical): 

[zQb, A;{x)] = C;{x) . (4.4) 

This is a color confinement by the quartet mechanism]^. Since this asymptotic field C'^{x) 
is a vector, it must be a bound-state in the [A^ x c)" channel. So it is natural^ to suppose 
that it should show up as a pole in the IPI Green function {g{Afj,xc) g{AyXc) )ipi, namely, 
in Eq. (|3l^ ) 

{g{A^xc) g{A^xc) )^pj = gi,uu{p^) + p^puv{p'^) . 

The vector massless pole 1/p^ should appear in the g^^-^ait, i.e., in uijP'). But this contra- 
dicts with the present assumption u = u{p'^ = 0) = 1. 

This argument, therefore, suggests that the massless vector pole in ^4°, which existed in 
the perturbation phase, should disappear (or the appearance of mass gap): namely, 

Z3{p')^p\ (4.5) 

corresponding to the above possibility 3. 

* This is the point which is not quite rigorous in this argument. There remains a possibihty that the 
vector asymptotic field C^{x) exists but nevertheless does not produce a pole in the IPI Green function 
{g(AfiXc) g{A^xc))^p^. This might not be so strange a possibility since we are now considering in any 
case such an unfamiliar situation that the always existing quartet member disappears from the operator 
{Qb, D^c"^}. This point was emphasized by IzawaQ. But, if {g{A^xc) g{A^xc) )-^pj does not show up the 
massless vector pole, then, where will the asymptotic vector field C^(x) produce its pole at all? 
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5 Dynamical Restoration of a "Local" Gauge Symme- 
try 

The conclusion in the previous section reminds me Hata's work[|7|, Q who clarified a symmetry 
aspect of the 'strange' condition 1 + u = 0. So let us briefly recapitulate what he has done 
in this context. 

In QED, the covariant a gauge flxing still leaves a symmetry under the gauge transfor- 
mation with transformation parameter linear in x: 

A{x) = a^x" + b . (5.1) 

Although being a (special) "local" gauge symmetry, this transformation can be regarded 
as a combination of global transformations with x-independent parameters and b. We 
have accordingly conserved Noether charges, vector one Q'^ and scalar one Q, (the latter Q 
being just a usual electro- magnetic (global U{1)) charge), and they give the generators of 
the original transformation: 



iia^Q" + bQ), A^,(x) ] = d^A{x) = , 

(5.2) 



tQ, A^{x)] = 



The flrst commutation relation says only that the photon carries vanishing charge, but 
the second one shows that the vector symmetry of charge is always spontaneously broken 
since the right-hand side is non-vanishing c-number 5^ ! It also says that the massless Nambu- 
Goldstone (NG) mode corresponding to the spontaneous breaking should appear in the 
channel. It can be argued that, as far as the global U{1) symmetry corresponding to the 
scalar charge Q is not spontaneously broken, the NG mode must be a vector particle so that 
the photon can be identifled with the Nambu-Goldstone vector Q! [This type of argument is 
important since it proves the existence and exact masslessness of the photon. Quite a parallel 
argument can apply to gravity [|l^, and proves the existence and exact masslessness of 



the graviton.] 

Hata considered the same thing in non-Abelian gauge theory. Corresponding to the 
"local" gauge transformation, 

A"(x) = aX + , (5.3) 
there appear the following scalar and vector charges, both of which carry color index a now: 

Q"^' j;'^(a;)=^7j;(a;)x^ + F;^. (5.4) 

In this case, however, the vector transformation with parameter a" is not an exact symmetry 
but is slightly violated and so 

d'-r.A^) = {Qb, D^e) . (5.5) 
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In his second paper f^, Hata considered a modified vector transformation wliicli becomes an 
exact symmetry. But liere we continue to consider tlie present simplified version. Again, this 
"local symmetry" with parameter a"a;^ is spontaneously broken in the perturbation phase 
and the usual perturb-ative massless gauge boson can be identified with Nambu-Goldstone 
vector. 

Contrary to the QED case, however, there is a possibility that this "local symmetry" is 
restored dynamically in the non-Abelian case. Hata's picture for the color confinement is as 
follows: 



Indeed, if the "local symmetry" is dynamically restored, then the massless vector pole {i.e., 
perturbative gauge boson pole) in the current J^^ should disappear and it will have no 
massless pole contribution. This requirement actually leads to the above condition 1 + m = 
of ours, since we have 



Namely our condition 1 + m = is a necessary condition for the restoration of the "local 
symmetry". I do not know whether it is also sufficient, but our discussion in the previous 
section strongly suggests that it is. Hata also gave another interesting direct proof that 
any colored particle has to be a BRS-doublet if the current J^,^(x) has no massless pole, 
by considering a 3-point Green function of J^,^(x) and the two fields corresponding to that 
colored particle 0. 

6 Discussions 

One may wonder how it is possible at all to satisfy our confinement condition 1 + u = 0. 
This question is quite natural if we note the fact that u = u{p'^ = 0) is both infrared and 
ultraviolet divergent in perturbation theory! 

However, we should recall that quite a similar thing is actually realized in the non-linear 
sigma models in two dimension. As an example, consider the following 0{N)/0{N — 1) 
sigma model again following Hata0: 



Dynamical restoration of the "local symmetry" with parameter a"x' 
= Disordered phase = Confinement phase . 



.u 



(5.6) 




(5.7) 





(6.1) 



The non- linearly realized 0{N)/0{N — 1) symmetry is the transformation: 




(6.2) 
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with i = 1, 2, ■ ■ ■ , A^— 1. In perturbation phase, this non-hnear symmetry is (spontaneously) 
broken and the fields 0j are the corresponding massless NG bosons. The restoration condition 
for this symmetry is given by, in the leading order in expansion. 



(<5.0,) = 5.,(l-^(02)j = 0. (6.3) 



This is quite analogous to our condition 1+u = 0. The vacuum expectation value —(A/4) 
corresponds to our u, and is indeed both infrared and ultraviolet divergent in perturbation 
calculation! Nevertheless we know|T^ that (1 — A ^0^^ /4) is actually realized in this model. 
It is known rather generally that a mass gap appears and the nonlinear symmetry is dynam- 
ically restored in a wide variety of two dimensional non-linear sigma models. 

As a matter of fact, this resemblance of dynamical symmetry restorations between Yang- 
Mills gauge theory in four dimension and non-linear sigma model in two dimension, is not 
a mere analogy. Indeed, it becomes an exact correspondence if we consider a pure gauge 
model of Yang-Mills theory in four dimension [|13|. Let us close this talk by briefiy explaining 
this. 

Take the SU{N) Yang-Mills theory with OSp{4\2) symmetric gauge fixing: 

C = -\F'^, + 5^5^{^Al + tcc) (6.4) 

where 6b and Sb denote BRS and anti-BRS transformations, respectively. The pure gauge 
model is given by replacing the gauge field in this Lagrangian by the pure gauge mode 

A^{x) — > g\x)d^g{x) . (6.5) 

Then, the F^^ term drops out and only the gauge-fixing term remains. Namely the pure 
gauge model is a kind of topological model. One can show very easily that this model 
is exactly equivalent by the Parisi-Sourlas mechanism to the two dimensional SU{N)i^ x 
SU{N)Yi/ SU{N) non-linear sigma model with the action 

d^xtT{d^g^df,g) . (6.6) 

This model has an SU{N)i^ x SU{N)b, symmetry under the transformation g h\^ghB_- 
Very interestingly, the current corresponding to the SU (A^)r symmetry is found to be given 
by 

J^^ = {Qb, D.c'^} . (6.7) 

So, if the symmetry is restored, then it implies that our condition 1 + u = is literally 
realized. This is what actually occurs as we know from the exact result due to Polyakov and 
Wiegmann|n|. So this pure gauge model has a possibility to be used as a "zeroth order" 



theory in a new form of "perturbation theory" in the actual non-Abelian gauge theory, in 
which the confinement condition 1 + -u = is satisfied order by order. It is encouraging that 



such trials towards this direction are already performed by several authors [[15| , |T^, 
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